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Abstract
This work is an extension of the work in [34] to ground and excited states of 0++, 0−+, and
1−− of heavy-light (cu, cs, bu, bs, and bc) quarkonia in the framework of a QCD motivated Bethe-
Salpeter equation (BSE) by making use of the exact treatment of the spin structure (γµ
⊗
γµ)
in the interaction kernel, in contrast to the approximate treatment of the same in our previous
works [32, 34]), which is a substantial improvement over our previous works [32, 34]. In this
4 × 4 BSE framework, the coupled Salpeter equations for Qq (that are more involved than the
equal mass (QQ) mesons) are first shown to decouple for the confining part of interaction, under
heavy-quark approximation, and analyically solved, and later the one-gluon-exchange interaction
is perturbatively incorporated, leading to their mass spectral equations. The analytic forms of
wave functions obtained from these equations are then used for calculation of leptonic decay
constants of ground and excited states of 0−+, and 1−− as a test of these wave functions and the
over all framework.
Key words: Bethe-Salpeter equation, Salpeter equations, Mass spectral equation, Heavy-Light Quarkonia, Decay con-
stants
1. Introduction
During the past few years, there is a growing interest in the experimental and theoretical studies
of heavy-light mesons. This interest arose from the discovery of large B0 − B0 mixing, leading to
the hope that CP violation in B-systems may be observed. Further studies on heavy-light mesons
are also important for the determination of Cabibo-Kobayashi-Maskawa (CKM) mass matrix ele-
ments. These studies on quarkonia need heavy quark dynamics, which can provide a significant test
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of Quantum Chromodynamics (QCD). Spectroscopy of heavy quarkonia have been studied through
non-perturbative QCD approaches, such as NRQCD [1], QCD sum rule [2], potential models [3, 4],
lattice QCD [5, 6], Bethe-Salpeter equation (BSE) method [7–14], heavy quark effective theory [15],
Relativistic Quantum Model (RQM) [16], and Chiral perturbation theory [17].
It may be recalled that the discoveries of the low-lying charmonium states and of open-charmed
hadrons were instrumental for the acceptance of quarks as truly dynamical entities in general, and of
the SM in particular. Thus studies of heavy charmonium (cc) and bottomonium (bb) states is a frontier
area of research interest. Now, unequal quark heavy meson, cb is the only bound state discovered that
comprises of two heavy quarks of different flavours, and acts as an intermediate state between cc, and
bb states. The discovery of Bc state, has given a new insight into heavy-quark dynamics, though its
vector counterpart, Bc∗ has not yet been discovered in experiments. The quark content of Bc forbids
its decays into two photons, and can only decay through weak interactions, and have radiative decays,
and thus can lead to calculation of CKM matrix elements. The same is true of other heavy-light
mesons, Qq(q = u, d, s).
The renewed interest in recent years in spectroscopy of these heavy and heavy-light hadrons in
charm and beauty sectors, which was primarily due to experimental facilities the world over such
as BABAR, Belle, CLEO, DELPHI, BES etc. [18–23], have been providing accurate data on these
hadrons with respect to their masses and decays. In the process many new states have been discovered
such as χb0(3P ), χc0(2P ), X(3915), X(4260), X(4360), X(4430), X(4660) [18]. Further, there are also
open questions about the quantum number assignments of some of these states such as X(3915) (as
to whether it is χc0(2P ) or χc2(2P ) [24, 25]). Currently there is a lot of excitement about XY Z
particles, that are new charmonium like states such as, Zc(3900), Zc(4020) /Zc(4025) [26], which were
discovered in BESIII, the states, Y (4260) [27,28](discovered at BABAR), and X(3872) [29] (discovered
at Belle). These particles show different features than the conventional charmonium states, and might
be good candidates for exotic states, and might even be hybrid or tetra-quark states, or loosely bound
charmonium molecules, which is one of the predictions of QCD.
Thus charmonium like states offer us intriguing puzzles. However, since the mass spectrum and the
decays of all these bound states can be tested experimentally, theoretical studies on them may throw
valuable insight about the heavy quark dynamics. Studies on these hadrons is particularly important,
as it throws light on the long ranged QQ and Qq potential, that has not been derived from QCD so
far.
In our works, we are not only interested in studying the mass spectrum of hadrons, which no
doubt is an important element to study dynamics of hadrons, but also the hadronic wave functions
that play an important role in the calculation of decay constants, form factors, structure functions
2
etc. for QQ, and Qq hadrons. This is due to the fact that so far, one of the central difficulties in
tests of QCD is lack of knowledge of hadronic wave functions. These hadronic Bethe-Salpeter wave
functions calculated algebraically in this work can act as a bridge between the long distance non-
perturbative physics, and the short distance perturbative physics. This is further due to the fact that,
though these quarkonium states appear to be simple, however, their production mechanism is still not
properly understood. Thus the wave functions calculated analytically by us can lead to studies on
a number of processes involving QQ, and Qq states. Though the ground-state quarkonia have been
shown over the past decade to be rather well described in nonrelativistic QCD, and N.R. potential
models, the heavy-light mesons are much more complicated, where one really tests the wide range of
soft, hard and soft-collinear scales. Our basic aim has been to develop a model using 4× 4 BSE that
can explain both mass spectrum of QQ, and Qq states as well as their decay widths through various
processes using the same set of input parameters that are fixed from their mass spectrum.
In this context, in some of the recent works [30–34], we have been involved in working on the
mass spectrum and decay properties of equal mass ground and excited states of scalar, pseudoscalar,
vector, and axial vector QQ quarkonia in the framework of a 4× 4 BSE. These include their leptonic
decays, two-photon decays, single photon radiative decays and two gluon decays of these charmonium
(cc) and bottomonium (bb) states which have been extensively studied by us in the formulation of
Bethe-Salpeter equation. However, we had not so far generalized this 4×4 representation for two-body
(QQ) BS amplitude framework to incorporate unequal mass dynamics, which we have now done in
the present work. However, the price we have to again pay is to analytically solve a coupled set of
equations for all quarkonia, which we have again explicitly shown get decoupled, in spite of the fact
that we have used the full structure of the BS wave function, ψ(q̂) in calculation of γµψ(q̂)γµ on the
right side of the Salpeter equations. Due to these facts, the system of coupled Salpeter equations
encountered in the present work are much more involved and complex than the ones encountered in
equal mass quarkonia in [34]. We have explicitly shown that they lead to mass spectral equations
with analytical solutions for both masses, as well as eigen functions for the ground and excited states
for 0++, 0−+, and 1−− for heavy-light hadrons with quark composition, cu, cs, cb, bu, and bs in an
approximate harmonic oscillator basis. We then perturbatively incorporate the One-Gluon-Exchange
(OGE), and solve the spectrum of these states. We wish to mention that in unequal mass systems
such as Qq, the quarks are not very close together, and the confining interaction dominates over the
OGE interactions due to which the perturbative incorporation of OGE term is a good approximation.
The analytical forms of eigen functions for ground and excited states obtained as analytic solutions of
spectral equations are then used to evaluate the decay constants and decay widths for leptonic decays
of these decays as a test of our framework.
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The study of these mesons involves unequal mass kinematics. The unequal mass kinematics (that
also gives the partitioning of internal momentum of hadron) used by us that rests on Wightman-
Garding (W-G) definitions of momenta between individual quarks is relativistic, and has the advantage
that P.qˆ = 0 irrespective of whether the individual quarks are on-shell (P.q = 0) or off-shell (P.q 6=
0). This W-G partitioning of momenta between individual quarks is a natural choice of momentum
partitioning, that allocates most of the internal momenta to heavier quark, while a smaller part of
momentum to lighter quark, such that m̂1 + m̂2 = 1, while for equal mass mesons, the momentum is
shared equally between the two quarks, which is what one expects.
The main advantage of our approach in comparison to other BSE approaches is that, we follow
analytic methods of solutions for heavy-light quarkonia (whose equations are much more involved than
QQ) , that provide a much deeper in sight into the mass spectral problem, and are able to obtain the
mass spectrum in terms of the principal quantum number N , and also in the process, we get algebraic
forms of wave functions that are used for calculations of various transition amplitudes and decay con-
stants of quarkonia, in contrast to the purely numerical approaches followed by the other works. The
correctness of our analytic approach can be judged by the fact that the plots of our wave functions
(see [34]) are very similar to the plots of wave functions obtained by numerical approaches [14].
This paper is organized as follows: In section 2, we introduce the formulation of the 4× 4 Bethe-
Salpeter equation under the covariant instantaneous ansatz, and derive the hadron-quark vertex. In
sections 3, 4, and 5, we derive the mass spectral equation of heavy-light scalar, pseudoscalar, and
vector mesons respectively. In Sections 6, and 7, we derive the decay constants fP for pseudoscalar,
and fV for vector Qq states respectively. In section 8, we provide the numerical results and discussion.
2. Formulation of the 4× 4 Bethe-Salpeter equation
We give here the main points about the 4× 4 BSE under the Covariant Instantaneous Ansatz (CIA),
which is a Lorentz-invariant generalization of Instantaneous Approximation (IA), which is used to
derive the 3D Salpeter equations [32, 34, 35]. We start with a 4D BSE for quark- anti quark system
with quarks of constituent masses, m1 and m2, written in a 4 × 4 representation of 4D BS wave
function Ψ(P, q) as:
S−1F (p1)Ψ(P, q)S
−1
F (−p2) =
i
(2pi)4
∫
d4q′K(q, q′)Ψ(P, q′) (1)
where K(q, q′) is the interaction kernel between the quark and anti-quark, and p1,2 are the momenta
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of the quark and anti-quark, which are related to the internal 4-momentum q and total momentum P
of hadron of mass M as, p1,2µ = mˆ1,2Pµ±qµ, where, mˆ1,2 = 12 [1± (m
2
1−m22)
M2
], always satisfy, mˆ1 +mˆ2 = 1,
and is a natural choice that allocates most of the momentum to the heavy quark, while a smaller part
of momentum to the lighter quark in a heavy-light meson, but equal momenta to both quarks in cc
mesons.
Making use of Covariant Instantaneous Ansatz, where, K(q, q′) = K(q̂, q̂′) on the BS kernel, where
q̂µ = qµ − q.PP 2 Pµ is the component of internal momentum of the hadron that is orthogonal to the
total hadron momentum, i.e. q̂.P = 0., while σPµ =
q.P
P 2
Pµ is the component of q longitudinal to P ,
where the 4-dimensional volume element is, d4q = d3q̂Mdσ, and following a sequence of steps outlined
in [32], we get the covariant forms of four Salpeter equations (in 4D variable q̂), which are effective 3D
forms of BSE, and are valid for hadrons in arbitrary motion. The four independent Salpeter equations
are [32]:
(M − ω1 − ω2)ψ++(qˆ) = Λ+1 (qˆ)Γ(qˆ)Λ+2 (qˆ)
(M + ω1 + ω2)ψ
−−(qˆ) = −Λ−1 (qˆ)Γ(qˆ)Λ−2 (qˆ)
ψ+−(qˆ) = 0
ψ−+(qˆ) = 0 (2)
where Λ± are the projection operators [32] for each of the constituents. Γ(q̂) is the 4D hadron-quark
vertex function, which enters into the 4D BS wave function, Ψ(P, q) = SF (p1)Γ(qˆ)SF (−p2), where
Γ(qˆ) =
∫
d3qˆ′
(2pi)3
K(qˆ, qˆ′)ψ(qˆ′) (3)
We wish to emphasize that the present model after 3D reduction is still covariant. This is due to
the fact that we have reduced a fully 4D BSE to 3D BSE (which are actually four Salpeter equations)
by use of Covariant Instantaneous Ansatz (CIA), which is a Lorentz-invariant generalization of the
Instantaneous Approximation (IA). We thus obtain the covariant forms of Salpeter equations, which
are effective 3D forms of BSE, and are valid for hadrons in arbitrary motion.
Regarding the interaction kernel K(qˆ′, qˆ) [34], it can be written as,
K(qˆ′, qˆ) = (
1
2
~λ1.
1
2
~λ2)(γµ ⊗ γµ)V (qˆ′, qˆ) (4)
with colour, spin and orbital parts respectively. For a kernel with the above spin dependence, we can
rewrite the hadron-quark vertex in Eq.(3) as [34],
Γ(qˆ) =
∫
d3qˆ′
(2pi)3
V (qˆ, qˆ′)γµψ(qˆ′)γµ, (5)
where, each of the γµs sandwich the BS wave function, ψ(q̂), with the scalar part of the kernel,
V = VOGE + VConfinement as,
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V (qˆ, qˆ′) =
4piαs
(qˆ − qˆ′)2 +
3
4
ω2qq¯
∫
d3r
(
κr2 − C0
ω20
)
ei(qˆ−qˆ
′).~r,
κ = (1 + 4mˆ1mˆ2A0M
2r2)−
1
2 , (6)
where, the confinement part with a sequence of steps can be expressed as
Vc(qˆ, qˆ
′) = −3
4
(2pi)3V c(qˆ)δ
3(qˆ − qˆ′), with V c(qˆ) = ω2qq¯
(
κ~∇2qˆ + C0ω20
)
, and κ = (1− 4mˆ1mˆ2A0M2~∇2qˆ)−
1
2 .
The present work is a substantial improvement over our previous works [32, 34], in the sense that
we have taken the full Dirac structure of the 3D BS wave function, ψ(q̂) given in Eq.(7) to calculate
the spin part, γµψ(q̂)γµ that enters into the hadron-quark vertex function, Γ(qˆ) as well as the right
hand sides of the 3D coupled integral equations, in contrast to [32,34], where we took only the leading
Dirac structures in ψ(q̂) to evaluate γµψ(q̂)γµ, in the integrals on the right of the Salpeter equations
in [32, 34]. In this work, we have obtained the mass spectral equations with this exact treatment of
the spin part γµΨ(q̂)γµ. What we further find is that the higher order terms of Vc that we had ignored
in [32, 34] due to negligible coefficients, ω4qq associated with these terms, get effectively cancelled out
when we take the full Dirac structure of the wave function, ψ(q̂).
Further, in the present work, we notice that with the use of the exact treatment of the spin
dependent part of the kernel in the RHS of Salpeter equations, for case m1 = m2, we get the mass
spectrum of equal mass quarkonia (χc0, ηc, and J/Ψ), for both ground and excited states, where the
excited states are closer to data [19] than the excited states obtained in our previous works [32,34].
The framework is quite general so far. Thus, to obtain the mass spectral equation, we have to
start with the above four Salpeter equations to solve the instantaneous BS equation.
3. Mass spectral equation for heavy-light scalar 0++ quarkonia
We start with the general form of 4D BS wave function for scalar meson (0++) in [36]. Then, making use
of the 3D reduction and making use of the fact that q̂.P = 0, we can write the general decomposition
of the instantaneous BS wave function for scalar mesons (Jpc = 0++), of dimensionality M being
composed of various Dirac structures that are multiplied with scalar functions fi(qˆ) and various
powers of the meson mass M as [34]
ψS(qˆ) = Mf1(qˆ)− i6Pf2(qˆ)− i 6qˆf3(qˆ)− 26P 6qˆ
M
f4(qˆ), (7)
Till now these amplitudes f1, and f4 in equation above are all independent, and as per the power
counting rule [11, 12] proposed by us earlier, the f1, and f2 are the amplitudes associated with the
6
leading Dirac structures, namely M and 6P , while f3 and f4 will be the amplitudes associated with
the sub-leading Dirac structures, namely, 6qˆ, and 2 6P 6qˆ
M
.
We now use the last two Salpeter equations ψ+−(qˆ) = ψ−+(qˆ) = 0 in Eq.(2), that can be used to
obtain the constraint relations between the scalar functions for unequal mass mesons as
f1(qˆ) =
−(m1 +m2)qˆ2
M(ω1ω2 +m1m2 − qˆ2)f3(qˆ), f2(qˆ) =
2(ω2 − ω1)qˆ2
M(ω1m2 +m1ω2)
f4(qˆ) (8)
The BS-wave function for scalar mesons in Eq.(7) with the help of these constraint relations can be
rewritten in terms of only two independent scalar functions (f1 (or f3) and f4) as
ψS(qˆ) =
( −(m1 +m2)qˆ2
(ω1ω2 +m1m2 − qˆ2) − i6qˆ
)
f3(qˆ)− 2
(
i(ω2 − ω1)qˆ2 6P
M(ω1m2 +m1ω2)
+
6P 6qˆ
M
)
f4(qˆ) (9)
We wish to mention that due to these two above equations, the scalar functions fi(q̂)(i = 1, ..., 4) are
no longer all independent, but are tied together by these relations, due to which the amplitudes get
mixed up [34].
The first two Salpeter equations of Eq.(2) lead to a set of coupled integral equations with the
full structure of the wave function ψS(qˆ) in (9) being used to evaluate γµψ
S(qˆ)γµ on the right hand
sides of these equations. We proceed in the same way as, [34], where on the right side of these
equations, we first work with the confining interaction, Vc(q̂). We show that these equations can be
decoupled, and reduced to algebraic equations in an approximate harmonic oscillator basis, and solve
them analytically. These equations are much more involved than the equal mass case [34]. We then
incorporate the one-gluon-exchange (OGE) term perturbatively, and obtain the complete spectrum.
These coupled equations (with use of confining interaction alone) are,
[M − ω1 − ω2]
[
2ω1ω2(m1 +m2)
ω1ω2 +m1m2 − qˆ2f3(qˆ) +
4ω1ω2(m1 +m2)
ω1m2 +m1ω2
f4(qˆ)
]
= − 1
qˆ2
∫
d3qˆ′
(2pi)3
Vc(qˆ, qˆ
′)[(
4(ω1ω2 −m1m2 + qˆ2)(m1 +m2)qˆ′2
ω1ω2 +m1m2 − qˆ′2 + 2(m1 +m2)qˆ.qˆ
′
)
f3(qˆ
′)
−
(
4(ω1m2 −m1ω2)(ω2 − ω1)qˆ′2
ω1m2 +m1ω2
)
f4(qˆ
′)
]
,
[M + ω1 + ω2]
[−2ω1ω2(m1 +m2)
ω1ω2 +m1m2 − qˆ2f3(qˆ) +
4ω1ω2(m1 +m2)
ω1m2 +m1ω2
f4(qˆ)
]
= − 1
qˆ2
∫
d3qˆ′
(2pi)3
Vc(qˆ, qˆ
′)[(
4(ω1ω2 −m1m2 + qˆ2)(m1 +m2)qˆ′2
ω1ω2 +m1m2 − qˆ′2 + 2(m1 +m2)qˆ.qˆ
′
)
f3(qˆ
′)
+4
(
(ω1m2 −m1ω2)(ω2 − ω1)qˆ′2
ω1m2 +m1ω2
)
f4(qˆ
′)
]
(10)
To decouple these equations, we follow the same procedure in [32, 34], where we first add them.
Then we subtract the second equation from the first equation. For a kernel that can be expressed as
Vc(q̂− q̂′) = V c(q̂)δ3(q̂− q̂′), we get two algebraic equations which are still coupled. Then from one of
the two equations so obtained, we eliminate f3(qˆ) in terms of f4(qˆ), and plug this expression for f3(qˆ)
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in the second equation of the coupled set so obtained to get a decoupled equation in f4(qˆ). Similarly,
we eliminate f4(qˆ) from the second equation of the set of coupled algebraic equations in terms of f3(qˆ),
and plug it into the first equation to get a decoupled equation entirely in f3(qˆ), which reduces to two
identical decoupled equations, one entirely in f3(qˆ), and the other that is entirely in f4(qˆ) as:
[
M2
4
− 1
4
(m1 +m2)
2 − qˆ2
]
f3(qˆ) = −1
2
(m1 +m2)V c(qˆ)f3(qˆ)[
M2
4
− 1
4
(m1 +m2)
2 − qˆ2
]
f4(qˆ) = −1
2
(m1 +m2)V c(qˆ)f4(qˆ)
(11)
It is to be seen here that on RHS of the above two equations, with the exact treatment of the
spin part of the kernel, we get only the terms that are linear in V c, (unlike [32, 34], where we also
obtained quadratic terms of the type, V
2
c , that were very small in magnitude in comparison to Vc).
Since the two equations are of the same form in scalar functions f3(qˆ) and f4(qˆ), that are the solutions
of identical equations, we can take, f3(qˆ) ≈ f4(qˆ)(= φS(qˆ)). Using the expression for V c(qˆ) given
above, we get the equation,
ESφS(qˆ) = [−β4S ~∇2qˆ + qˆ2]φS(qˆ), (12)
where the inverse range parameter βS can be expressed as,
βS =
( 1
2
ω2qq¯(m1 +m2)√
1 + 8mˆ1mˆ2A0(N +
3
2
)
)1/4
,
ωqq¯ = (4Mmˆ1mˆ2ω
2
0αs(M))
1/2,
αs =
12pi
33− 2Nf log
(
M2
Λ2QCD
)−1 (13)
Using the method of power series, this leads to the mass spectral equation for scalar mesons as,
1
4
[
M2 − (m1 +m2)2
]
+
C0β
4
S
ω20
√
1 + 8mˆ1mˆ2A0(N +
3
2
) = 2β2S(N +
3
2
), N = 1, 3, 5, ..., (14)
with the energy eigen value of the scalar mesons, ES = 2β
2
S(N +
3
2
), where N = 2n + l, with
the principal quantum number taking values n = 0, 1, 2, ..., and the orbital quantum number l = 1
that corresponds to P wave states, and the solutions of Eq.(12) are given by the following normalized
wave functions that are similar to the wave functions in [34], except for the inverse range parameter
β expression that is different from [34] due to the exact treatment of the spin part of the kernel, and
also the unequal mass kinematics. The overall structure of these wave functions is very similar to the
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wave functions derived in [34], except for the algebraic form of βS. They are:
φS(1P, qˆ) =
√
2
3
1
pi3/4
1
β
5/2
S
qˆe
− qˆ2
2β2
S
φS(2P, qˆ) =
√
5
3
1
pi3/4
1
β
5/2
S
qˆ
(
1− 2qˆ
2
5β2S
)
e
− qˆ2
2β2
S
φS(3P, qˆ) =
√
35
12
1
pi3/4
1
β
5/2
S
qˆ
(
1− 4qˆ
2
5β2S
+
4qˆ4
35β4S
)
e
− qˆ2
2β2
S
φS(4P, qˆ) =
√
35
8
1
pi3/4
1
β
5/2
S
qˆ
(
1− 6qˆ
2
5β2S
+
12qˆ4
35β4S
− 8qˆ
6
315β6S
)
e
− qˆ2
2β2
S ,
(15)
Now, we treat the mass spectral equation in Eq.(12), which is obtained by taking only the confine-
ment part of the kernel, as an unperturbed spectral equation with the unperturbed wave functions in
Eq.(15). We then incorporate the one gluon exchange term in the interaction kernel perturbatively
(as in [34]) and solve to first order in perturbation theory. The complete mass spectra of ground and
excited states of heavy-light scalar mesons is
1
8β2S
[
M2 − (m1 +m2)2
]
+
C0β
2
S
2ω20
√
1 + 8mˆ1mˆ2A0(N +
3
2
) + γ〈V Scoul〉 = N +
3
2
, N = 1, 3, 5, ..., (16)
where 〈V Scoul〉 is the expectation value of V Scoul between the unperturbed states of the scalar mesons
with l = 1 and n = 0, 1, 2, ..., and γ =
ω40
C0β2S
(3l + 1) is introduced as a weighting factor to have the
Coulomb term dimensionally consistent with the harmonic term, and also acts as a measure of the
strength of the perturbation. The expectation value of the Coulomb term associated with the OGE
term for scalar quarkonia for nP (n = 1, 2, 3, ...) states are
〈nP | V Scoul | nP 〉 = −
32piαs
9β2S
. (17)
The results of our model for mass spectrum for scalar Qq states along with data [19], and other
models is given in Table 1. It is observed that the mass spectra of mesons of various JPC (0++, 0−+,
and 1−−) is somewhat insensitive to a small range of variations of parameter ω0, as long as C0ω20 is a
constant. The input parameters of our model obtained by best fit to the spectra of ground states of
scalar, pseudoscalar and vector Qq, and QQ quarkonia are: C0= 0.139, ω0= 0.125 GeV, ΛQCD= 0.200
GeV, and A0= 0.01, with input quark masses mu= 0.180 GeV, ms= 0.350 GeV, mc= 1.490 GeV, and
mb= 5.070 GeV. Using these set of input parameters, we do the mass spectral calculations of both
ground and excited states of heavy-light scalar (0++) ( in section 3), pseudoscalar (0−+) (in section
4) and vector (1−−)(in section 5) quarkonia.
9
BSE-CIA Expt. [19] BSE PM Lattice QCD RQM
MBc(1P0) 6.6722 6.715 [45] 6.727±30 [47] 6.699 [49]
MBc(2P0) 7.2107 7.102 [45] 7.091 [49]
MBc(3P0) 7.6030
MBc(4P0) 7.9286
MBc(5P0) 8.2139
MBc(6P0) 8.4716
MBs(1P0) 5.7057 5.812 [42] 5.833 [50]
MBs(2P0) 6.0826 6.367 [42] 6.318 [50]
MBs(3P0) 6.3707 6.879 [42]
MBs(4P0) 6.6154
MBs(5P0) 6.8329
MBs(6P0) 7.0309
MB(1P0) 5.5531 5.730 [42] 5.749 [50]
MB(2P0) 5.8972 6.297 [42] 6.221 [50]
MB(3P0) 6.1631 6.826 [42]
MB(4P0) 6.3901
MB(5P0) 6.5924
MB(6P0) 6.7770
MD(1P0) 2.5088 2.318±0.029 2.3864 [43] 2.406 [50]
MD(2P0) 2.9200 2.8884 [43] 2.919 [50]
MD(3P0) 3.2225
MD(4P0) 3.4711
MD(5P0) 3.6862
MD(6P0) 3.8778
MDs(1P0) 2.6229 2.3177±0.0006 2.4945 [43] 2.509 [50]
MDs(2P0) 3.0549 3.0004 [43] 3.054 [50]
MDs(3P0) 3.3718
MDs(4P0) 3.6323
MDs(5P0) 3.8576
MDs(6P0) 4.0583
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Mχc0(1P0) 3.4230 3.4147±0.00030 3.440 [3] 3.413 [16]
Mχc0(2P0) 4.0321 3.918± 0.0019 3.8368 [14] 3.920 [3] 3.870 [16]
Mχc0(3P0) 4.4277 4.301 [16]
Mχc0(4P0) 4.7514
Table 1: Masss spectra of ground and excited states of scalar 0++ quarkonia (in GeV)
We now derive the mass spectral equations of unequal mass pseudoscalar mesons in the next
section.
4. Mass spectral equations for heavy-light pseudoscalar 0−+ quarkonia
The general decomposition for the 3D wave function of pseudoscalar mesons obtained from the general
4D form [36] through 3D reduction as in previous section can be written as [34]
ψP (qˆ) = [Mφ1(qˆ)− i 6Pφ2(qˆ) + i 6qˆφ3(qˆ) + 6P 6qˆ
M
φ4(qˆ)]γ5 (18)
We use the last two Salpeter equations in Eq.(2) to find the constraints on the components of the
wave function as
φ4(qˆ) =
M(m1 +m2)
ω1ω2 +m1m2 − qˆ2φ2(qˆ), φ3(qˆ) =
M(ω1 − ω2)
ω1m2 +m1ω2
φ1(qˆ), (19)
Plugging Eq.(19) into Eq.(18), we rewrite the wave function for pseudoscalar mesons as
ψP (qˆ) =
[(
M +
iM(ω1 − ω2)
ω1m2 +m1ω2
6qˆ
)
φ1(qˆ) +
(
− i6P + (m1 +m2)
ω1ω2 +m1m2 − qˆ2 6P 6qˆ
)
φ2(qˆ)
]
γ5. (20)
We use the first two Salpeter equations of Eq.(2) to obtain the corresponding coupled integral
equations of pseudoscalar mesons (with use of confining interaction alone) as,
[M − ω1 − ω2]
[(
(m2ω2)ω
2
1 + (m1ω1)ω
2
2
ω1m2 +m1ω2
)
φ1(qˆ) +
(
(m2ω2)ω
2
1 + (m1ω1)ω
2
2
ω1ω2 +m1m2 − qˆ2
)
φ2(qˆ)
]
=
∫
d3qˆ′
(2pi)3
Vc(qˆ, qˆ
′)
[(
− 2(ω1ω2 +m1m2 + qˆ2)− (m1 −m2)(ω1 − ω2)
ω1m2 +m1ω2
qˆ.qˆ′
)
φ1(qˆ
′)
+(ω1m2 +m1ω2)φ2(qˆ
′)
]
[M + ω1 + ω2]
[(
(m2ω2)ω
2
1 + (m1ω1)ω
2
2
ω1m2 +m1ω2
)
φ1(qˆ)−
(
(m2ω2)ω
2
1 + (m1ω1)ω
2
2
ω1ω2 +m1m2 − qˆ2
)
φ2(qˆ)
]
= −
∫
d3qˆ′
(2pi)3
Vc(qˆ, qˆ
′)
[(
− 2(ω1ω2 +m1m2 + qˆ2)− (m1 −m2)(ω1 − ω2)
ω1m2 +m1ω2
qˆ.qˆ′
)
φ1(qˆ
′)
−(ω1m2 +m1ω2)φ2(qˆ′)
]
(21)
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Using the same procedure as in the case of scalar mesons, these two equations can be decoupled,
and reduced to two independent algebraic equations as
[
M2
4
− 1
4
(m1 +m2)
2 − qˆ2]φ1(qˆ) = −1
2
(m1 +m2)V c(qˆ)φ1(qˆ)
[
M2
4
− 1
4
(m1 +m2)
2 − qˆ2]φ2(qˆ) = −1
2
(m1 +m2)V c(qˆ)φ2(qˆ). (22)
Here, we again see that the scalar functions φ1(qˆ) and φ2(qˆ) satisfy identical equations, and can
be taken as φ1(qˆ) ≈ φ2(qˆ)(= φP (qˆ)). Using the expression for V c(qˆ) after Eq.(6), we obtain the mass
spectral equation as,
EPφP (qˆ) = [−β4P ~∇2qˆ + qˆ2]φP (qˆ), (23)
whose solutions give the unperturbed mass spectrum (due to confining interactions alone),
1
8
[
M2 − (m1 +m2)2
]
+
C0β
4
P
2ω20
√
1 + 8mˆ1mˆ2A0(N +
3
2
) = (N +
3
2
)β2P ; N = 2n+ l, (24)
with the orbital quantum number l = 0 that corresponds to the S states, and βP =
(
1
2
ω2qq¯(m1+m2)√
1+8mˆ1mˆ2A0(N+
3
2
)
)1/4
.
This unperturbed mass spectral equation of pseudoscalar meson is the same as the corresponding spec-
tral equation of scalar meson in Eq.(12), except that βS is replaced by βP , and φS(qˆ) replaced by φP (qˆ).
The normalized unperturbed wave functions of 1S, ..., 4S states of pseudoscalar meson with l = 0 are
φP (1S, qˆ) =
1
pi3/4
1
β
3/2
P
e
− qˆ2
2β2
P
φP (2S, qˆ) =
√
3
2
1
pi3/4
1
β
3/2
P
(
1− 2qˆ
2
3β2P
)
e
− qˆ2
2β2
P
φP (3S, qˆ) =
√
15
8
1
pi3/4
1
β
3/2
P
(
1− 4qˆ
2
3β2P
+
4qˆ4
15β4P
)
e
− qˆ2
2β2
P
φP (4S, qˆ) =
√
35
16
1
pi3/4
1
β
3/2
P
(
1− 2qˆ
2
β2P
+
4qˆ4
5β4P
− 8qˆ
6
105β6P
)
e
− qˆ2
2β2
P
(25)
We again incorporate the Coulomb term V Pcoul associated with the one gluon exchange interaction
perturbatively into the original mass spectral equation of pseudoscalar mesons, giving us the complete
mass spectra of ground and excited states of heavy-light pseudoscalar quarkonia with orbital quantum
number l = 0 as
1
8β2P
[
M2 − (m1 +m2)2
]
+
C0β
2
P
2ω20
√
1 + 8mˆ1mˆ2A0(N +
3
2
) + γ〈V Pcoul〉 = N +
3
2
, N = 0, 2, 4, ..., (26)
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where again the perturbation parameter γ has the same form as in the case of scalar mesons with
β2S replaced by β
2
P and γ =
ω40
C0β2P
(3l + 1), while, the first order correction to the total energy of the
system EP is given by the expectation value of the Coulomb term between the unperturbed states of
pseudoscalar mesons φP (nS, qˆ) as
〈nS | V Pcoul | nS〉 = −
32piαs
3β2P
. (27)
The results of our model for pseudoscalar Qq mesons along with data [19] and other models is
given in Table 2.
We now give the derivation of the mass spectral equations of vector mesons in the next section.
5. Mass spectral equations for heavy-light vector 1−− quarkonia
We again start with the general 4D decomposition [36]. Using 3D decomposition, the wave function
of vector mesons can be written as [32,34]:
ψV (qˆ) = iM 6εχ1(qˆ)+ 6ε 6Pχ2(qˆ)+[ 6ε 6qˆ− qˆ.ε]χ3(qˆ)− i[6P 6ε 6qˆ+ qˆ.ε6P ] 1
M
χ4(qˆ)+(qˆ.ε)χ5(qˆ)− iqˆ.ε 6P
M
χ6(qˆ) (28)
The constraint equations on the components of the wave functions (χ s) can be obtained using the
last two Salpeter equations of (2) as
χ5(qˆ) =
M(m1 +m2)
ω1ω2 +m1m2 − qˆ2χ1(qˆ), χ4(qˆ) = −
M(ω1 + ω2)
2(ω1m2 +m1ω2)
χ2(qˆ) (29)
χ3(qˆ) = χ6(qˆ) = 0
Substituting Eq.(29) into Eq.(28), the wave function for vector mesons can be rewritten as
ψV (qˆ) =
(
iM 6ε+ qˆ.ε M(m1 +m2)
ω1ω2 +m1m2 − qˆ2
)
χ1(qˆ) +
(
6ε 6P + i(ω1 + ω2)
2(ω1m2 +m1ω2)
( 6P 6ε 6qˆ + qˆ.ε6P )
)
χ2(qˆ) (30)
Using the first two Salpeter equations, we obtain the coupled integral equations of vector mesons
13
BSE-CIA Expt. [19] QCD Sum Rule PM Lattice QCD RQM
MBc(1S0) 6.2417 6.2749±0.0008 6.253 [40] 6.349 [45] 6.280±30±190 [47] 6.270 [49]
MBc(2S0) 6.9650 6.863 [40] 6.821 [45] 6.960±80 [47] 6.835 [49]
MBc(3S0) 7.4125 7.175 [45] 7.193 [49]
MBc(4S0) 7.7664
MBc(5S0) 8.0696
MBc(6S0) 8.3399
MBs(1S0) 5.4211 5.3668±0.00019 5.488±0.076 [39] 5.367 [42] 5.372 [50]
MBs(2S0) 5.9012 6.003 [42] 5.976 [50]
MBs(3S0) 6.2233 6.556 [42] 6.467 [50]
MBs(4S0) 6.4864 7.071 [42]
MBs(5S0) 6.7160 7.565 [42]
MBs(6S0) 6.9228
MB(1S0) 5.2955 5.279±0.00014 5.259±0.109 [39] 5.287 [42] 5.280 [50]
MB(2S0) 5.7287 5.926 [42] 5.890 [50]
MB(3S0) 6.0245 6.492 [42] 6.379 [50]
MB(4S0) 6.2679 7.027 [42]
MB(5S0) 6.4811 7.538 [42]
MB(6S0) 6.6737
MD(1S0) 2.1390 1.86906±00005 1.972±0.094 [39] 1.8696 [43] 1.871 [50]
MD(2S0) 2.6743 2.5235 [43] 2.581 [50]
MD(3S0) 3.0199 3.062 [50]
MD(4S0) 3.2923
MD(5S0) 3.5229
MD(6S0) 3.7258
MDs(1S0) 2.2447 1.9683±0.00007 1.9686 [43] 1.969 [50]
MDs(2S0) 2.8095 2.6333 [43] 2.688 [50]
MDs(3S0) 3.1719 3.129 [50]
MDs(4S0) 3.4571
MDs(5S0) 3.6986
MDs(6S0) 3.9111
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Mηc(1S0) 3.0132 2.9839±0.0005 3.11±0.52 [41] 2.980 [44] 3.292 [6] 2.981 [16]
Mηc(2S0) 3.6910 3.6376 ± 0.0012 3.600 [44] 4.240 [6] 3.635 [16]
Mηc(3S0) 4.1966 4.060 [44] 3.986 [16]
Mηc(4S0) 4.5380 4.4554 [44] 4.401 [16]
Table 2: Masss spectra of ground and excited states of pseudoscalar 0−+ quarkonia (in GeV).
(with confining interaction alone) as
[M − ω1 − ω2]qˆ.ε
[
2ω1ω2(m1 +m2)
ω1ω2 +m1m2 − qˆ2χ1(qˆ)−
2ω1m2(ω1 + ω2)
ω1m2 +m1ω2
χ2(qˆ)
]
=
∫
d3qˆ′
(2pi)3
Vc(qˆ, qˆ
′)[
−
(
2qˆ.ε(m1 +m2) + 4qˆ
′.ε(m1 +m2)
(ω1ω2 −m1m2 + qˆ2)
ω1ω2 +m1m2 − qˆ′2
)
χ1(qˆ
′)
+
(
2qˆ′.ε(ω1 + ω2)
(ω1m2 −m1ω2)
ω1m2 +m1ω2
)
χ2(qˆ
′)
]
[M + ω1 + ω2]qˆ.ε
[
2ω1ω2(m1 +m2)
ω1ω2 +m1m2 − qˆ2χ1(qˆ) +
2ω1m2(ω1 + ω2)
ω1m2 +m1ω2
χ2(qˆ)
]
= −
∫
d3qˆ′
(2pi)3
Vc(qˆ, qˆ
′)[
−
(
2qˆ.ε(m1 +m2) + 4qˆ
′.ε(m1 +m2)
(ω1ω2 −m1m2 + qˆ2)
ω1ω2 +m1m2 − qˆ′2
)
χ1(qˆ
′)
−
(
2qˆ′.ε(ω1 + ω2)
(ω1m2 −m1ω2)
ω1m2 +m1ω2
)
χ2(qˆ
′)
]
(31)
Now, using the same procedures to decouple these equations as in the case of scalar and pseu-
doscalar mesons, we obtain two decoupled algebraic equations,
[
M2
4
− 1
4
(m1 +m2)
2 − qˆ2]χ1(qˆ) = −1
2
(m1 +m2)V c(qˆ)χ1(qˆ)
[
M2
4
− 1
4
(m1 +m2)
2 − qˆ2]χ2(qˆ) = −1
2
(m1 +m2)V c(qˆ)χ2(qˆ)
(32)
Here, we see that the scalar functions χ1(qˆ) and χ2(qˆ) satisfy identical equations, and can be taken
as χ1(qˆ) ≈ χ2(qˆ) = φV (qˆ). We then obtain a single differential equation, which is nothing but the
equation of a simple quantum mechanical 3D-harmonic oscillator with coefficients depending on the
hadron mass M , and total quantum number N . The wave function satisfies the 3D BSE:
[
M2
4
− 1
4
(m1 +m2)
2 +
C0β
4
V
κω20
]
φV (qˆ) = [−β4V ~∇2qˆ + qˆ2]φV (qˆ), (33)
which can be rewritten as
EV φV (qˆ) = [−β4V ~∇2qˆ + qˆ2]φV (qˆ), (34)
where βV =
(
ω2qq¯(m1+m2)√
1+8mˆ1mˆ2A0(N+
3
2
)
)1/4
is the inverse range parameter, and the total energy of the system
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is identified as
EV =
1
4
[
M2 − (m1 +m2)2
]
+
C0β
4
V
ω20
√
1 + 8mˆ1mˆ2A0(N +
3
2
) (35)
This mass spectral equation of vector meson is the same as the corresponding equation of scalar
meson in Eq.(12), except that βS is replaced by βV , and φS(qˆ) replaced by φV (qˆ). Therefore, the
normalized wave functions of 1S,...,3D states of vector meson, with S and D states corresponding to
l = 0 and l = 2 respectively, are
φV (1S, qˆ) =
1
pi3/4
1
β
3/2
V
e
− qˆ2
2β2
V
φV (2S, qˆ) =
√
3
2
1
pi3/4
1
β
3/2
V
(
1− 2qˆ
2
3β2V
)
e
− qˆ2
2β2
V
φV (1D, qˆ) =
√
4
15
1
pi3/4
1
β
7/2
V
qˆ2e
− qˆ2
2β2
V
φV (3S, qˆ) =
√
15
8
1
pi3/4
1
β
3/2
V
(
1− 4qˆ
2
3β2V
+
4qˆ4
15β4V
)
e
− qˆ2
2β2
V
φV (2D, qˆ) =
√
14
15
1
pi3/4
1
β
7/2
V
qˆ2
(
1− 2qˆ
2
7β2V
)
e
− qˆ2
2β2
V
φV (4S, qˆ) =
√
35
16
1
pi3/4
1
β
3/2
V
(
1− 2qˆ
2
β2V
+
4qˆ4
5β4V
− 8qˆ
6
105β6V
)
e
− qˆ2
2β2
V
φV (3D, qˆ) =
√
21
10
1
pi3/4
1
β
7/2
V
qˆ2
(
1− 4qˆ
2
7β2V
+
4qˆ4
63β4V
)
e
− qˆ2
2β2
V
(36)
Eqs.(34- 35) would lead to degenerate masses for S and D states of Qq, and QQ systems. To get S−
D mass splitting, we make use of degenerate perturbation theory. The Coulomb term V Vcoul associated
with the one gluon exchange interaction is perturbatively incorporated into the mass spectral equation,
Eq.(34) (that is treated as the unperturbed equation) for vector mesons, as:
EV φV (qˆ) = [−β4V ~∇2qˆ + qˆ2 + V Vcoul]φV (qˆ) (37)
The complete mass spectral equation of heavy-light vector quarkonia can be put as
1
8β2V
[
M2 − (m1 +m2)2
]
+
C0β
2
V
2ω20
√
1 + 8mˆ1mˆ2A0(N +
3
2
) + γ〈V Vcoul〉 = N +
3
2
, N = 0, 2, 4, ..., (38)
where 〈V Vcoul〉 has been weighted by the perturbation parameter γ =
ω40
C0β2V
(3l + 1) (as in the case
of scalar 0++ and pseudo scalar 0−+ quarkonia), and is given by the expectation value of the Coulomb
term with respect to the unperturbed states of vector mesons, in Eq.(36). In the secular equation,
16
the only non-zero expectation values of 〈V Vcoul〉 are the ones that connect states of the same quantum
numbers, n and l. They are:
〈nS | V Vcoul | nS〉 = −
32piαs
3β2V
〈nD | V Vcoul | nD〉 = −
32piαs
15β2V
(39)
We now give the plots of these normalized wave functions Vs. q̂ (in Gev.) for different states of
heavy pseudoscalar and vector mesons ( such as composite of cu, cs, cc, cb and bb) in Fig.1-2 and in
Fig.3-4, respectively. It can be seen from these plots that the wave functions corresponding to nS and
nD states have n− 1 nodes.
Figure 1: Plots of wave functions for states (1S, ..., 3S) Vs q̂ (in Gev.) for pseudoscalar mesons, such as; D,
Ds, B and Bs, respectively.
We now calculate the leptonic decays of pseudoscalar and vector Qq mesons in the next sections.
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BSE-CIA Expt. [19] BSE PM Lattice QCD RQM
MB∗c (1S1) 6.2417 6.3369 [51] 6.373 [45] 6.321±20 [47] 6.332 [49]
MB∗c (2S1) 6.9650 6.9185 [51] 6.855 [45] 6.990±80 [47] 6.881 [49]
MB∗c (1D) 6.9712 7.072 [49]
MB∗c (3S1) 7.4125 7.210 [45] 7.235 [49]
MB∗c (2D) 7.4190
MB∗c (4S1) 7.7664
MB∗c (3D) 7.7731
MB∗c (5S1) 8.0696
MB∗c (4D) 8.0765
MB∗c (6S1) 8.3399
MB∗s (1S1) 5.4211 5.4154
+0.0014
−0.0015 5.4166 [51] 5.413 [42] 5.414 [50]
MB∗s (2S1) 5.9012 5.9576 [51] 6.029 [42] 5.992 [50]
MB∗s (1D) 5.9129 6.119 [42] 6.209 [50]
MB∗s (3S1) 6.2233 6.575 [42] 6.475 [50]
MB∗s (2D) 6.2357 6.642 [42] 6.629 [50]
MB∗s (4S1) 6.4864 7.087 [42]
MB∗s (3D) 6.4993 7.139 [42]
MB∗s (5S1) 6.7160 7.579 [42]
MB∗s (4D) 6.7292
MB∗(1S1) 5.4154 5.325±0.0004 [18] 5.3229 [51] 5.323 [42] 5.325 [50]
MB∗(2S1) 5.7287 5.8377 [51] 5.947 [42] 5.848 [50]
MB∗(1D) 5.7422 6.016 [42] 6.005 [50]
MB∗(3S1) 6.0245 6.508 [42] 6.136 [50]
MB∗(2D) 6.0388 6.562 [42] 6.248 [50]
MB∗(4S1) 6.2679 7.039 [42]
MB∗(3D) 6.2828 7.081 [42]
MB∗(5S1) 6.4811 7.549 [42]
MB∗(4D) 6.4963
MD∗(1S1) 2.1390 2.010±0.00005 2.0065 [51] 2.0104 [43] 2.010 [50]
MD∗(2S1) 2.6743 2.5408 [51] 2.6062 [43] 2.632 [50]
MD∗(1D) 2.7468 2.8029 [43] 2.788 [50]
MD∗(3S1) 3.0199 3.1484 [43] 3.096 [50]
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Figure 2: Plots of wave functions for states (1S, ..., 3S) Vs q̂ (in Gev.) for pseudoscalar mesons, such as; ηc,
Bc and ηb, respectively.
6. Leptonic decays of pseudoscalar heavy-light quarkonia
The leptonic decays of pseudoscalar quarkonia proceed through the coupling of the quark-anti quark
loop to the axial vector current. The leptonic decay constants, fP are defined as,
ifPPµ ≡< 0|Q¯iγµγ5Q|P > . (40)
The decay constants can be expressed through the quark-loop integral as,
fPPµ =
√
3
∫
d4q
(2pi)4
Tr[ΨP (P, q)iγµγ5]. (41)
Here, the full 3D BS wave function, ψP (qˆ) can be taken from Eq.(20), where φ1(qˆ), and φ2(qˆ) satisfy
two identical decoupled equations, Eq.(22), leading to φ1(qˆ) = φ2(qˆ)(= φP (qˆ)), which is expressed as,
ψP (qˆ) = NP
[
M − i 6P + iM(ω1 − ω2)
ω1m2 +m1ω2
6qˆ + (m1 +m2)
ω1ω2 +m1m2 − qˆ2 6P 6qˆ
]
γ5φP (qˆ) (42)
Putting the above expression for ψP in Eq.(41), and evaluating trace over the gamma matrices on
the right side of the equation, we get,
fPPµ = 4
√
3
∫
d4q
(2pi)4
[
Pµ − M(ω1 − ω2)
m1ω1 +m2ω2
q̂µ
]
φP (qˆ). (43)
To evaluate fP , we multiply both sides of the above equation by
Pµ
M2
, and making use of the fact
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Figure 3: Plots of wave functions for states (1S, ..., 3S) Vs q̂ (in Gev.) for vector mesons, such as; D∗, D∗s ,
B∗ and B∗s , respectively.
that q̂.P = 0, and the fact that,
φP (qˆ) =
∫
Mdσ
2pii
Φ(p, q), (44)
we can express fP in terms of a 3D integral,
fP = 4
√
3NP
∫
d3q̂
(2pi)3
φP (qˆ). (45)
where the 3D wave functions, φP (qˆ) for pseudoscalar Qq states are given in Eqs.(25), and NP is
the 4D BS normalizer obtained through the current conservation condition,
2iPµ =
∫
d4q
(2pi)4
Tr
{
Ψ(P, q)
[
∂
∂Pµ
S−1F (p1)
]
Ψ(P, q)S−1F (−p2)
}
+ (1 ⇀↽ 2), (46)
where ΨP (q̂) is the 4D BS wave function, while the adjoint BS wave function, Ψ(P, q) = γ4ψ
†(P, q)γ4.
Making us of the fact that in the inverse propagators, S−1F (p1,2) of the two quarks, their momenta are
expressed as, p1,2 = m̂1,2P ± q, and the 4D volume element, d4q = d3q̂Mdσ. Integrating over Mdσ,
and making us of the 3D form of BS wave function, ψ(q̂), in Eq.(42), evaluating trace over the gamma
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Figure 4: Plots of wave functions for states (1S, ..., 2D) Vs q̂ (in Gev.) for vector mesons, such as; J/ψ, B∗c
and Υ), respectively.
matrices, and multiplying both sides of the equation by Pµ, we get,
N−2P =
∫
d3q̂
(2pi)3
φ2P (q̂)[
4M2m̂1m̂2(ω1 − ω2)2q̂2
(ω1m2 +m1ω2)2
+
4M2m̂1m̂2(m1 +m2)
2q̂2
(ω1ω2 +m1m2 − q̂2)2
+
8Mm̂1(m1 +m2)m2(ω1 − ω2)q̂2
(ω1m2 +m1ω2)(ω1ω2 +m1m2 − q̂2) +
8Mm̂1(m1 +m2)q̂
2
(ω1ω2 +m1m2 − q̂2)
+
8Mm̂1(ω1 − ω2)q̂2
(ω1m2 +m1ω2)
] + (1 ⇀↽ 2),
(47)
where we take into account the contribution of the second term, in Eq.(46) to be the same as the
contribution of the first term. Leptonic decay constants of 0−+ quarkonia are given in Table 4 along
with data and results of other models.
7. Leptonic decays of heavy-light vector quarkonia
Leptonic decays of vector quarkonia are defined through the equation,
fVMµ(P ) ≡< 0|Q¯γµQ|V (P ) > (48)
The decay constant fV can be expressed through the quark loop integral,
fVMµ =
√
3
∫
d3qˆ
(2pi)3
Tr[ψV (qˆ)γµ]. (49)
Here ψV (qˆ) is the full 3D wave function for vector mesons that can be taken from Eq.(30), where χ1(qˆ),
and χ2(qˆ) satisfy two identical decoupled equations, Eq.(32), leading to χ1(qˆ) = χ2(qˆ)(= φV (qˆ)), which
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MD∗(2D) 3.0919 3.2818 [43] 3.228 [50]
MD∗(4S1) 3.2923
MD∗(3D) 3.3637
MD∗(5S1) 3.5229
MD∗(4D) 3.5938
MD∗s (1S1) 2.2447 2.1122±0.0004 2.1120 [51] 2.1123 [43] 2.111 [50]
MD∗s (2S1) 2.8095 2.7083
+0.0040
−0.0034 2.6730 [51] 2.7164 [43] 2.731 [50]
MD∗s (1D) 2.8707 2.9145 [43] 2.919 [50]
MD∗s (3S1) 3.1719 3.2626 [43] 3.242 [50]
MD∗s (2D) 3.2326 3.3928 [43] 3.383 [50]
MD∗s (4S1) 3.4571
MD∗s (3D) 3.5174
MD∗s (5S1) 3.6986
MD∗s (4D) 3.7584
MJ/ψ(1S1) 3.0545 3.0969± 0.000006 3.0969 [44] 3.099 [48] 3.096 [16]
Mψ(2S1) 3.7031 3.6861 ±0.000025 3.686 [14] 3.6890 [44] 3.653 [48] 3.685 [16]
Mψ(1D) 3.7872 3.773±0.00033 3.759 [14] 3.783 [16]
Mψ(3S1) 4.2037 4.039 ± 0.001 4.065 [14] 4.1407 [44] 4.099 [48] 4.039 [16]
Mψ(2D) 4.2279 4.191 ±0.005 4.108 [14] 4.150 [16]
Mψ(4S1) 4.5487 4.421 ± 0.004 4.344 [14] 4.5320 [44] 4.427 [16]
Mψ(3D) 4.5729 4.371 [14] 4.507 [16]
Mψ(5S1) 4.8408 4.567 [14] 4.8841 [44] 4.837 [16]
Mψ(4D) 4.8649 4.857 [16]
Table 3: Masss spectra of ground and excited states of vector 1−− quarkonia (in GeV)
is expressed as,
ψV (qˆ) = NV
[
iM 6ε+ qˆ.ε M(m1 +m2)
ω1ω2 +m1m2 − qˆ2 + 6ε 6P +
i(ω1 − ω2)
2(ω1m2 +m1ω2)
( 6P 6ε 6qˆ + qˆ.ε6P )
]
φV (qˆ) (50)
Putting Eq.(50) in Eq.(49), and evaluating trace over the gamma matrices on the RHS, and
multiplying both sides of the resulting equation by the polarization vector, µ of vector meson, and
making use of the fact that, P. = 0, and the 3D reduction through Eq.(44), we get the leptonic decay
constant of vector mesons as,
fV = 4
√
3NV
∫
d3qˆ
(2pi)3
φV (qˆ), (51)
where the 4D BS normalizer, NV can be obtained from the current conservation condition in
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BSE-CIA Expt. BSE [56] QCD SR Latt. QCD Rel. PM [55]
fηc(1S) 0.4034 0.335±0.075 [23] 0.260±0.075 [41] 0.3928 [59]
fηc(2S) 0.3068
fηc(3S) 0.2660
fBc(1S) 0.3152 0.400±0.015 [54]
fBc(2S) 0.2459
fBc(3S) 0.2170
fBs(1S) 0.1917 0.195 [56] 0.2288±0.0069
fBs(2S) 0.1610
fBs(3S) 0.1470
fB(1S) 0.1691 0.192 0.1915±0.0073 [58] 0.198±0.014
fB(2S) 0.1456
fB(3S) 0.1342
fDs(1S) 0.2428 0.2546±0.0059 [60] 0.241±0.0003 [57] 0.256±0.026
fDs(2S) 0.1945
fDs(3S) 0.1730
fD(1S) 0.2088 0.2067±0.0089 [53] 0.207±0.0004 [57] 0.208±0.021
fD(2S) 0.1724
fD(3S) 0.1550
Table 4: Leptonic decay constants, fP of ground state (1S) and excited state (2S) and (3S) of heavy-light
pseudoscalar mesons (in GeV.) in present calculation (BSE-CIA) along with experimental data, and their
masses in other models.
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Eq.(46), and following a similar procedure as in the case of pseudoscalar quarkonia as
N−2V =
∫
d3q̂
(2pi)3
φ2V (q̂)[−
2M2m̂1m̂2(ω1 + ω2)
2(q̂.)2
(ω1m2 +m1ω2)2
− 8M
2m̂1m̂2(m1 +m2)
2(q̂.)2
(ω1ω2 +m1m2 − q̂2)2
+
16Mm̂1(m1 +m2)m2(ω1 + ω2)(q̂.)
2
(ω1m2 +m1ω2)(ω1ω2 +m1m2 − q̂2) +
8Mm̂1(ω1 + ω2)(q̂.)
2
(ω1m2 +m1ω2)
+
16Mm̂1(m1 +m2)(q̂.)
2
(ω1ω2 +m1m2 − q̂2) ] + (1
⇀↽ 2),
(52)
The leptonic decay constants of heavy-light vector mesons are given in Table 5.
8. Results and Discussion
We have employed a 3D reduction of BSE (with a 4×4 representation for two-body (qq¯) BS ampli-
tude) under Covariant Instantaneous Ansatz (CIA) with an interaction kernel consisting of both the
confining and one gluon exchange terms, to derive the algebraic forms of the mass spectral equations
and eigen functions of heavy-light quarkonia in an approximate harmonic oscillator basis, leading to
mass spectra of ground and excited states of heavy-light scalar (0++), pseudoscalar (0−+), and vector
(1−−) quarkonia. And an interesting feature of our analytic approach is that the plots of the algebraic
forms of our wave functions Eqs. (25) for pseudoscalar quarkonia (in Figs.1-2), and Eqs.(36) for vector
quarkonia (in Figs. 3-4) respectively, are very similar to the corresponding plots of wave functions
obtained in purely numerical approaches in [14], and hence validating the correctness of our analytical
approach. These wave functions for heavy-light mesons so derived, are then used to calculate the lep-
tonic decay constants for heavy-light pseudoscalar and vector mesons as a test of the wave functions
derived and the BSE framework employed.
As stated earlier, the partitioning of relativistic internal momentum q comes from the Wightmann-
Garding definitions m̂1,2 of masses of individual quarks. The 3D reduction through Covariant Instan-
taneous Ansatz (CIA) employed by us does make our formulation relativistically covariant, but it
may not be Poincare covariant, since our results may depend on the choice of internal momentum.
This feature in our framework is yet to be explored in detail, since in a Poincare covariant frame-
work, [37, 38], the numerical results for the amplitudes and masses are independent of the choice of
momentum partitioning parameters. This detailed study we intend to do next.
In this work, we make use of the exact treatment of the spin structure (γµ
⊗
γµ) in the interaction
kernel, in contrast to the approximate treatment of the same in our previous works [32, 34]). In so
doing we do away with the approximation of taking the leading Dirac structures in the structure of
4D BS wave function, Ψ(P, q), which is a substantial improvement over our previous works. We thus
first derive analytically the mass spectral equation using only the confining part of the interaction
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BSE - CIA Expt. [18] BSE [51] RQM [52]
fBc∗(1S) 0.4679 0.418±0.024
fBc∗(2S) 0.3622 0.331±0.021
fBc∗(1D) 0.4554
fBc∗(3S) 0.3180
fBs∗(1S) 0.2919 0.272±0.020 0.214
fBs∗(2S) 0.2415 0.246±0.013
fBs∗(1D) 0.2989
fBs∗(3S) 0.2189
fB∗(1S) 0.2627 0.238±0.018 0.195
fB∗(2S) 0.2220 0.221±0.014
fB∗(1D) 0.2737
fB∗(3S) 0.2030
fDs∗(1S) 0.3892 0.375±0.024 0.335
fDs∗(2S) 0.3060 0.312±0.017
fDs∗(1D) 0.3836
fDs∗(3S) 0.2697
fD∗(1S) 0.3615 0.339±0.022 0.315
fD∗(2S) 0.2888 0.289±0.016
fD∗(1D) 0.3608
fD∗(3S) 0.2562
fJ/ψ(1S) 0.5055 0.411±0.007
fψ(2S) 0.3300 0.279±0.008
fψ(1D) 0.2439 0.210±0.00024
fψ(3S) 0.2128
Table 5: Leptonic decay constants, fV of ground state (1S) and excited state (2S),...,(3S) of heavy-light vector
mesons (in GeV.) in present calculation (BSE-CIA) along with experimental data, and their masses in other
models.
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kernel for Qq systems, and calculate the algebraic forms of the wave functions. Then treating this
mass spectral equation as the unperturbed equation, we introduce the One-Gluon-Exchange (OGE)
perturbatively, and obtain the mass spectra for various states of 0++, 0−+, and 1−− , treating the wave
functions derived above as the unperturbed wave functions.
As mentioned earlier, in our works, we are not only interested in studying the mass spectrum of
hadrons, which no doubt is an important element to study dynamics of hadrons, but also the hadronic
wave functions that play an important role in the calculation of decay constants, form factors, structure
functions etc. for QQ, and Qq hadrons, and so far, one of the central difficulties in tests of QCD is lack
of knowledge of hadronic wave functions. These hadronic Bethe-Salpeter wave functions calculated
algebraically in this work can act as a bridge between the long distance non-perturbative physics,
and the short distance perturbative physics. And since these quarkonia are involved in a number
of reactions which are of great importance for study of Cabibbo-Kobayashi-Maskawa (CKM) matrix
and CP violation, the wave functions calculated analytically by us can lead to studies on a number
of processes involving QQ, and Qq states. In this work, we have used these algebraic forms of wave
functions to calculate the leptonic decay constants of pseudoscalar and vector Qq quarkonia in Tables
4 and 5 respectively.
We have first obtained the numerical values of masses for ground and excited states of various
heavy-light mesons and made comparison of our results with experimental data and other models. In
the process, we were also able to reproduce reasonable results for the mass spectrum of ground and
excited states of charmonium (cc) such as ηc, χc0, and J/ψ, which are found to be closer to data than
the mass spectrum we had found in earlier works of equal mass quarkonia [32,34]. We then obtained
the numerical values of leptonic decay constants for these pseudoscalar and vector heavy-light quarko-
nia with the same set of input parameters fixed from the mass spectrum.
All numerical calculations have been done using Matlab. We selected the best set of 8 input
parameters that gave good matching with data for masses of ground and excited states of heavy-light
scalar, pseudoscalar, and vector quarkonia. This input parameter set was found to be C0= 0.139,
ω0= 0.125 GeV, ΛQCD= 0.200 GeV, and A0= 0.01, along with the input quark masses mu= 0.180
GeV, ms= 0.350 GeV, mc= 1.490 GeV, and mb= 5.070 GeV. The perturbation parameter γ, which
has been introduced to make the linear and harmonic terms of the interaction kernel dimensionally
consistent, is chosen to have the form γ =
ω40
C0β2
(3l + 1) (where β2 = β2S,P,V ) in order to produce
reasonable non-degenerate masses of 2S and 1D, 3S and 2D, 4S and 3D, etc. states of heavy-light
quarkonia. We have thus obtained results of masses for Bc, Bs, B, Ds, D, and ηc, χc0, J/ψ, and are
in reasonable agreement with experimental data and other models. We will be using the analytical
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forms of eigen functions for ground and excited states of heavy-light quarkonia to evaluate the various
transition processes involving heavy-light scalar, pseudoscalar, and vector quarkonia as future work.
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